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Finite p-groups with non-cyclic center have a non-inner 

automorphism of order p 

ROH IT GARG AND MANDEEP SINGH 

Abstract. Let G be a finite non-abelian p-group and let W(G)/Z(G) = 

D1(Z2(G)/Z(G)). A longstanding coujcctw:,c asserts that G admits a non-

inner automorphism of order p. We confirm the conjecture in case Z(G) 

is not cyclic and W ( G) is non-abelian. 
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1. Introduction. Let G be a finite non-abelian p-group. In 1973, Berkovich [9, 

Problem 4.13) posed the following conjecture: Every finite non-abelian p-group 

admits a non-inner automorphism of order p. The conjecture is confirmed for 

many classes of finite p-groups. For example, see [1,2,5, 7,8,10,11], and [3] for 

other references. In most of the cases, it is observed that if the conjecture is 

false for G, then the center Z ( G) is cyclic. 

In [4, Lemma 4.2], Abdollahi et al. proved the existence of a non-inner 

automorphism of order p which fixes <I>( G) element-wise in case of a finite non-

abelian p-group G of class 3 with non-cyclic center Z(G), where p > 2. In [4, 

Theorem 5.1(1)], they also confirmed the conjecture for a finite 2-group G of 

class 3 with non-cyclic center Z(G) and d(G) =/:- 3. The main motivation behind 

this paper is the following natural question which arises from [4, Lemma 4.2 

and Theorem 5.1(1)): 

Question. Given a finite non-abelian p-grnup G with non-cycl-ic center Z(G), 

under what conditions does the conjecture hold? 

In this short note, we answer this question. We confirm the conjecture in 

case Z(G) is not cyclic and W(G) is non-abelian. The main result of this note 

is the following theorem: 
\'&> Birkhliuser 

' ½, 
? 713 +l :a 

-----Prlndpa1 
Govt. Ripudam2ri Col!;"\, -

, .. V 



130 
R. GARG AND M. SINGH Arch. Math. 

Theorem 1.1. Let G be a finite non-abelian p-group with non-abelian W(G) 

uch that every automorphism of G of order P, which fixes <P( G) element-wise, 

inner. Then Z ( G) is cyclic. 

2. Proof of Theorem 1.1. Let W(G)/Z(G) = n1(Z2(G)/Z(G)). We first prove 

that Ca(W(G)) = <I>{G). Let M be a maximal subgroup of G and let g0 E 

G _ M. Let z0 E Z{G) n M be of order p. Then the map a: G-+ G defined 

as a( mg~) = mgbz~ for all m E M is easily seen to be an automorphism 

of order p which fixes <1?( G) element-wise. By assumption, a = BaM, the inner 

automorphism induced by some aM E G. It is easy to see that aM E W(G) and 

M = Cc(aM ). Since [W(G), 4>(G)] = 1, 4>{G) < Cc(W(G)). It thus follows 

that 
4>(G) Ca(W(G)) < nca(aM) = nM = <I>(G), 

M M 

and hence Ca(W(G)) = 4>(G). 

It follows from [6, Remark 1] that Z(G) < 4>(G). For x E G and H < G, 

let x and H denote the c9set x4>(G) and the quotient group H4>(G)/4>(G) 

respectively. For each w E W(G), the map fw : W(G) -+ n 1(Z(G)) defined 

as fw(v) = [v, w] for all v E W(G) is easily seen to be a homomorphism. The 

map 
f: W(G)-+ Hom(W(G),n1(Z(G))) 

defined as f ( w) = f w for all w E W ( G) is then a homomorphism with 

ker(/) = W(G) n Ca(W(G)) = W(G) n <I>(G). 

We prove that f is an epimorphism. Let a E Hom(W{G),n1(Z(G))). Since 

G is elementary abelian, the homomorphism a can be extended to the homo-

morphism {3: G-+ n 1(Z(G)) defined by 

{3(w) = { a
1 

(w) if w E W(G...:....),_ 
if w E G- W(G). 

Since n 1(Z(G)) < 4>(G), the map a13 : G -+ G defined as a13(g) = g{3(g) is 

easily seen to be an automorphism of order p which fixes <I>(G) element-wise. 

By hypothesis, a13 = Ba for some a E W(G). Therefore, for each w E W(G), 

a(w) = {3(w) = w-1a13(w) = w-10a(w) = [w, a]= !a(w), 

and hence / is an epimorphism. It follows that 

W(G) ( ) W(G) Hom(W(G),n1(Z(G))), 

W(G) n 4> G 

and hence d(Z(G)) = 1. 
D 

Observe that Theorem 1.1 can be restated in the following way: 

Let G be a finite non-abelian p-group such that W(G) is non-abelian and 

Z(G) is not cyclic. Then there exists a non-inner automorphism of order p 

which fixes <I>( G) element-wise. 
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We conclude the paper by giving an example of a group which supports 

our result. Consider 
G = {Ji, h, fa, f4, ls, fa, h, ls), 

with relations: ff = !6, Ji = ff = ft = fl = Jg = [h, Ji] = [/4, Ji] = 

[!6 , Ji]= [ls, Ji] = [h, hl = [f4, h] = [/6, h] = [ls, h] = [ls, h] = [!6, fa]= 

fh,h]=[!s,hl=[fs,'4]=[/6,h]=[h,h]=[fs,h]=[/6,fs]=[h,fs]= 

[Is, isl = [h, !6] = [ls, !6] = Us, h] = 1, [h, Ji] = ls, h = [/s, Ji] = 

[fs,h],fs = !? = [h,fi] = [h,h] = ['4,fa],fj = hfs. This is the group 

number 26369 in the GAP library of groups of order 256 and is of nilpo-

tency class 4. It can be seen that Z(G) = (!6, fs) is non-cyclic, Z2(G) = 

(h,'4,/6,h,fs) is non-abelian, and ~(G) = (f5,J6,h,f8). Observe that 

z2 E Z(G) for all z E Z2(G). Therefore, 

W(G) = {z E Z2(G) I z2 E Z(G)} = Z2(G), 

and thus W(G) is non-abelian. There are 24576 automorphisms of this group. 

One of these automorphisms is a, where 

a(h'4fsfohfs) = hf4fshfs, a(f1fahfsf6fs) = fi/Jf4/s/6/s 

a(hfsf5fs) = hfsfs, a(hhfsh) = hhfs!6h-

Now, by using the relators of G, we have 

a(fi) = Ii for all i E {1, 3, 4, 5, 6, 7, 8} and a(h) = hf 6. 

It is easy to see that a is a non-inner automorphism of order 2 which fixes 

~(G) element-wise. 

Publisher's Note Springer Nature remains neutral with regard to jurisdic-

tional claims in published maps and institutional affiliations. 
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